Abstract: Graphene and carbon nanotubes are promising materials for nanoelectromechanical systems. Among other aspects, a proper understanding of the sliding dynamics of parallel graphene sheets or concentric nanotubes is of crucial importance for the design of nano-springs. Here, we analytically investigate the sliding dynamics between two parallel, rigid graphene sheets. In particular, the analysis focuses on configurations in which the distance between the sheets is kept constant and lower than the equilibrium interlayer spacing of graphite (unstable configurations). The aim is to understand how the interlayer force due to van der Waals interactions along the sliding direction changes with the geometrical characteristics of the configuration, namely size and interlayer spacing. Results show metastable equilibrium positions with completely faced sheets, namely a null force along the sliding direction, whereas net negative/positive forces arise when the sheets are approaching/leaving each other. This behavior resembles a molecular spring, being able to convert kinetic into potential energy (van der Waals potential), and viceversa. The amplitude of both storable energy and entrance/exit forces is found to be proportional to the sheet size, and inversely proportional to their interlayer spacing. This model could also be generalized to describe the behavior of configurations made of concentric carbon nanotubes, therefore allowing a rational design of some elements of carbon-based nanoelectromechanical systems.
Introduction
Carbon nanotubes (CNTs) and graphene are promising building blocks for nanoelectromechanical systems (NEMS)-such as nanomotors [1, 2] , nanoprobes [3, 4] , nanoresistors [5] , or nanoswitches [6] due to their outstanding mechanical [7] , electronic [8] , and thermal [9] [10] [11] properties. In particular, both the telescoping motion between concentric CNTs and multiple layers of graphene (graphite) have shown remarkable ultra-low friction, with almost no hysteresis or dissipation [12] [13] [14] . However, a mechanistic understanding of the interaction forces regulating the relative motion of concentric multi-walled carbon nanotubes (MWCNTs) or adjacent graphene sheets is still incomplete.
The sliding motion between concentric CNTs or adjacent graphene sheets is controlled by van der Walls (vdW) interactions [15] [16] [17] , which depend on the relative position between the nanoconstructs and determine whether they are in a stable, unstable, or metastable configuration. The modern synthesis techniques available in the nanotechnology field allow the production of MWCNTs with precisely controlled chirality and, thus, equilibrium configuration [18] [19] [20] [21] . Moreover, the synthesis of defect-free graphene with a pre-determined number of layers can be precisely achieved by scalable processes based on chemical or shear exfoliation [22] [23] [24] . In this context, a stable configuration refers to the state of minimum energy, namely to the relative position leading to the minimum overall interaction potential. In the case of graphite, the global equilibrium distance between its layers (i.e., graphene sheets) is ≈ 0.34 nm [25] . Metastable conditions instead consider stable configurations other than the one corresponding to the system's state of least energy, namely local minimums of van der Walls interaction potential. Finally, unstable configurations refer to relative positions between the nanoconstructs that do not involve either local or global minimums of the overall interaction potential. For example, Cumings et al. [26] experimentally investigated the different energy states of telescoping MWCNTs. In their work, the core of the MWCNT was forced to move through a telescoping cycle inside a housing shell; after that, the inner core was telescoped out by a manipulator, and it was then drawn back into the outer shell by vdW forces to achieve the stable configuration, namely the global minimum of the system's total energy.
The geometry of CNTs and graphene sheets considerably affects their interaction forces, and thus sliding dynamics. First, interaction forces can be dramatically influenced by the effect of commensurability and diameter of nanotubes. Li et al. carried out a series of simulations considering various MWCNTs with a wall spacing of 0.34 nm [27] . The resulting potential energy increments due to the sliding motion between nanotubes indicated that the relative force was independent of the nanotube length and chirality, while these forces were proportional to the diameter of the outer wall of the sliding surface. Similar investigations with capped nanotubes confirmed the dependence of sliding forces with the diameter of CNTs rather than their length [26, 28] . Second, the interlayer distance between MWCNTs or graphene sheets also significantly affects their effective vdW interactions. In general, reduced interlayer distances generate higher interlayer friction. This evidence was for example observed by Guo et al. who studied the effect of interlayer distance between graphene sheets by employing molecular force field statistics [29] . Similar results were also reported for capped and uncapped CNTs [30, 31] .
An interesting characteristic of systems made of MWCNTs or multiple layers of graphene sheets is the pull-out force, namely the force exerted on either inner nanotube pulled out from outer one or on graphene sheets exfoliating each other [27] . In general, the magnitude of the pull-out force depends on the relative distance between nanotubes or graphene layers at the exit position [32] . By considering the direction of sliding motion as a positive reference, pull-out forces are negative for transitions from stable to unstable/metastable conditions (i.e., the sliding motion is energetically unfavorable and an external force is required to pull out the nanoconstruct), while they are positive in the opposite case. Previous works in the literature have mainly focused on the former case, whereas the latter is rather unexplored. However, pull-out forces and sliding dynamics of MWCNTs or multiple layers of graphene sheets are of interest for designing innovative energy accumulators or engines at the molecular scale.
In this work, we analytically investigate the sliding dynamics between two parallel, rigid graphene sheets interacting with each other through van der Waals potential. The aim here is to determine the mechanistic relation between interlayer spacing, sheet size, and the resulting potential energy and pull-out forces along the sliding direction. In particular, the analysis focuses on configurations in which the distance between graphene sheets is kept to less than the equilibrium interlayer spacing of graphite (unstable configurations) in order to achieve higher interaction potentials and thus storable energy. Such configurations could be achieved, for example, when multiple layers of graphene are subject to normal compression [33] , and are relevant for a mechanistic understanding of graphite exfoliation as well [34] . In perspective, a generalization of these models can illustrate the interaction forces within MWCNTs as well [35] , therefore supporting a more rational design of nanoelectromechanical systems such as nano-springs or actuators.
Methods
The analysis aims to study the resulting potential and forces between graphene sheets due to van der Waals interactions, according to different sheet sizes and relative orientation. The 12-6 Lennard-Jones (LJ) potential is used to describe vdW interactions between the atoms of graphene [36] , namely
where r ij is the distance between i-th and j-th atoms, is the potential well depth, and σ is the distance at which the interatomic non-bonded potential is zero. In our calculations, = 0.292 kJ mol −1 and σ = 0.35 nm are considered for carbon atoms, respectively [25, 37] . The force due to vdW interactions can be derived from Equation (1) as:
The interatomic distance at which the potential reaches its lowest value (− ) can be computed as r m = 2 1/6 σ ≈ 1.122σ, being F LJ (r m ) = 0. Note that this distance is equal to r m = 0.39 nm in the case of carbon-carbon interactions. For the sake of simplicity, some assumptions have been made for the sliding motion of the considered configurations, namely: one nanostructure is fixed while the other one is moving; the sliding motion occurs along one single axis at time; graphene sheets are assumed to be perfectly rigid and flat (with no defects); and no relative motion between atoms of the same plane is considered (consequently, intraplane forces are neglected). The calculations of the resulting LJ forces and potentials are performed through a MATLAB® code (see a representative example in Appendix A).
Four configurations have been considered in the following analysis, with increasing degrees of complexity. Figure 1a shows the first studied configuration, which contains one atom with a fixed position (x = 0) and another one moving along the x direction. The normal distance between the two atoms is kept constant at a fixed distance ∆Z = 0.28 or 0.34 nm, in order to investigate its effect on interatomic vdW forces. As for the second configuration, the dynamics of a carbon atom sliding over a fixed chain of carbon atoms is studied, as depicted in Figure 1b . Herein, the atoms of the chain are separated by b = 0.246 nm, that is, the distance between two hexagonal lattices of graphene. The third configuration is depicted in Figure 1c , with two chains of carbon atoms at the ∆Z distance sliding over each other along x axis. Note that in the second and third configurations, the first atom of the fixed chain is positioned at x = 0. The fourth configuration considers two graphene sheets at ∆Z distance (Figure 1d ), the hexagonal lattice of graphene being characterized by a = 0.142 nm (C-C bond length) and b = 0.246 nm characteristic sizes [25, 38] . Accordingly, the size (L x , L y ) and number of atoms (N a ) of each graphene sheet can be computed as
where h x and h y refer to the number of hexagonal lattices in the related direction. In the following analyses, the size of stationary graphene sheet is fixed at h x = h y = 7 (L x = 2.7 nm, L y = 1.722 nm, 210 atoms). The size of the sliding sheet is varied to assess possible size effects (see Table 1 for a detailed list of considered configurations). Note that in most considered cases, the interlayer distance between graphene sheets (∆Z) is chosen to be lower than the stable equilibrium value. This is in order to investigate a compressed configuration between the two graphene sheets and thus metastable equilibrium conditions. Such a configuration is preferred for implementing the proposed concept of the nano-spring. To this end, we arbitrarily decide to consider ∆Z = 0.28 in the following analyses; however, any choice of ∆Z < 0.34 nm would have led to similar results and conclusions (even if with different absolute values of Lennard-Jones interactions and forces).
Results and Discussion

Atom-Atom Sliding
In Figure 2 , the van der Waals potential and interatomic force between the pair of atoms in Figure 1a are first presented. These carbon atoms are supposed to slide over each other along the x direction, and the study is replicated for different ∆Z. It is noteworthy to mention that, herein, the force along x axis (F LJ,x ) is considered as positive when it is concordant with the direction of sliding.
In Figure 2a , the normal distance between carbon atoms is ∆Z = 0.34 nm, which is approximately equal to the equilibrium interlayer distance of graphite. Results highlight the presence of two symmetrical stable equilibrium positions (i.e., x ≈ ±0.2 nm), where V LJ is the minimum and F LJ,x = 0. Moreover, when the sliding atom is positioned at x = 0-that is the position where the two atoms are facing each other with respect to x axis-F LJ,x = 0 and V LJ is the maximum (unstable equilibrium). A similar behavior is observed with ∆Z = 0.28 nm (Figure 2b , two symmetrical stable equilibrium positions at x ≈ ±0.25 nm); however, the shorter normal distance between atoms leads to stronger vdW interactions and, thus, up to one order of magnitude larger potential and force peaks. 
Atom-Chain Sliding
Second, Figure 3 depicts the resulting potential and force between one atom sliding over a fixed chain of atoms (N a = 5, see configuration in Figure 1b) . In this case, the distance between the chain and the sliding atom is kept constant at ∆Z = 0.28 nm; however, results could be eventually generalized according to what has been discussed in the previous section.
In particular, each colored line in Figure 3a corresponds to the vdW potential between the sliding atom and one specific atom in the stationary chain. Coherently with the results reported in Figure 2b , these atom-atom potentials present two symmetrical stable equilibrium positions (global minimum of potential) and an unstable one (potential peak). The effective potential between the sliding atom and the stationary chain is then computed through the superimposition of the five atom-atom interactions (dashed line in Figure 3a ). The effective force between the sliding atom and the chain oscillates periodically between positive and negative peaks. These peaks are lower than those given by single atom-atom interactions, due to the superimposition of effects of neighbor atoms. Note that the sliding atom is subject to a force with larger amplitude when passing the last atom; this force can be named the pull-out or exit force (F exit LJ,x ). In this case, the exit force is also the maximum effective force measured along the sliding motion.
During the sliding motion, a null effective force is recovered in two periodical conditions: (1) the sliding atom faces a fixed atom of the chain (x = kb, with 0 ≤ k ≤ (N a − 1)); and (2) the sliding atom is located halfway between two atoms of the chain (x = b/2 + kb, with 0 ≤ k ≤ (N a − 2) ). The former cases correspond to unstable equilibrium positions (effective potential peaks), while the latter cases correspond to metastable equilibrium positions (local minimums of effective potential, orange dots in Figure 3b ). In addition, stable equilibrium positions are still noticeable at x ≈ −0.25 nm and x ≈ 1.3 nm, where the sliding atom enters or exits the carbon chain, respectively. Note that the very slight ≈0.1 Å offset of these equilibrium positions with respect to the previous atom-atom configuration is due to the superimposition of Van der Waals potential from the other atoms of the fixed chain. In fact, considering for example the equilibrium position at the chain entrance (x ≈ −0.25 nm), an almost perfect overlap between the effective LJ potential-dashed black line-and the LJ potential between the sliding atom and the first atom of the chain-solid blue line-can be observed in Figure 3a . Similar discussions could be argued for the sliding atom leaving the proximity of the chain, namely for the second equilibrium position at x ≈ 1.3 nm.
Chain-Chain Sliding
Third, the sliding motion between two chains of carbon atoms is investigated (configuration in Figure 1c ): the fixed and sliding chains are made of N a = 7 and 3 atoms, respectively. In accordance with the previous setups, the normal distance between the chains is equal to ∆Z = 0.28 nm.
The potential between each atom of the sliding chain and the fixed ones is reported in Figure 4a , with trends similar to the atom-chain case. The resulting effective potential highlights again the presence of stable, metastable and unstable equilibrium positions throughout the motion of the sliding chain over the stationary one. In particular, the two stable equilibrium positions are still observable with chains separated 0.25 nm from each other along the x axis. Conversely, unstable and metastable equilibrium positions appear with overlapping chains. Again, unstable equilibrium positions are associated with atom-atom facing, while metastable equilibrium positions emerge with alternated atoms, with periodicity determined by the chain lattice b. Results show that the effective potential exerted on the sliding chain by the stationary one (dashed line in Figure 4a ) scales approximately linearly with the number of sliding atoms that overlook the stationary chain. A similar behavior of F LJ,x is also observed (dashed line in Figure 4b ). Of note, the largest amplitude of force opposite to the sliding motion shows up when the last atom of the sliding chain fully enters the stationary chain. The largest amplitude of force coherent with the sliding motion corresponds to the pull-out force (F exit LJ,x ). Clearly, the amplitude of vdW forces depends on the size of the sliding chain, since a higher number of interacting atoms leads to a stronger vdW potential by superimposition of effects. This is totally coherent with the macroscopic friction between two surfaces. Therefore, the sliding chain requires an initial amount of energy to move from stable (separated chains) to metastable (overlapped chains) equilibrium positions, with an energy barrier (E b + E s , see Figure 4a ) determined by the potential peak V LJ = 45 kJ/mol. After this entrance phase, the sliding chain stabilizes in the metastable equilibrium positions, where part of the initial energy input is accumulated in the form of vdW potential energy. Such stored energy (E s = 25 kJ/mol) can be released back after the pull-out phase, when a stable equilibrium position between the chains is eventually achieved. Clearly, E s scales with the number of atoms in the sliding element, because of the superimposition of their vdW interaction energies. As highlighted in Figure 4a , this cycle resembles the behavior of nano-springs, where kinetic energy can be iteratively converted and stored in the form of potential energy, namely vdW interactions in this case. These alternate charge/discharge phases are possible thanks to the sliding motion between the two carbon chains. Note that since the energy storage phase takes place in the metastable equilibrium positions, the discharge phase is not spontaneous, but must be triggered by overcoming an energy barrier approximately equal to E b = 20 kJ/mol.
Sheet-Sheet Sliding
The sliding motion between the two graphene sheets depicted in Figure 1d is finally analyzed. Initially, the stationary sheet consists of 210 atoms (h x = h y = 7), while the sliding sheet consists of 30 atoms (h x = 3, h y = 2). Interaction potential and effective force are calculated for interlayer spacings equal to ∆Z = 0.28 nm or ∆Z = 0.34 nm, in order to consider either unstable or stable configurations, respectively. The sliding motion of the sheets is only analyzed along the y axis; nevertheless, similar results could be obtained for the x axis motion as well. Figure 5 displays F LJ,y and V LJ exerted by the stationary graphene sheet on the sliding one along the y direction. By comparing the results in Figure 5a (∆Z = 0.34 nm) with the ones in Figure 5b (∆Z = 0.28 nm), a dramatically different behavior and magnitude of the effective potential and force between the sheets can be noticed.
On the one side, in the ∆Z = 0.34 nm case, the sliding graphene sheet meets a global minimum of V LJ (stable equilibrium) in the middle of the stationary sheet. Hence, the moving sheet naturally tends to slide over the stationary one until a complete overlap is achieved. A net input energy should be provided to exfoliate them. Such a self-retracting motion of sheared graphene sheets back to a piled configuration under no external influences (i.e. only driven by the van der Waals forces within the system) has been confirmed by several studies in the literature [39] . For example, Liu et al. measured the interlayer shear strength of few layers of graphene (single crystalline graphite) covered by SiO 2 square mesas, with an overall height of 100-500 nm [40] . A micro-manipulator equipped with a micro-tip was then employed to apply a shear force on the SiO 2 top surface of the mesa and thus on the graphite layers. In agreement with our results for ∆Z = 0.34 nm, the sheared sheets were observed to spontaneously move back to their previous position, a stable equilibrium one.
On the other hand, in the ∆Z = 0.28 nm case and similarly to the simpler configurations discussed in the previous sections, the two graphene sheets undergo a series of different equilibrium conditions throughout their relative sliding motion along the y axis. In fact, while stable equilibrium is achieved with separated sheets, unstable and metastable equilibrium positions are again observed with overlapping sheets. In this case, when the sliding sheet is completely contained in the stationary one, the position of metastable equilibrium points is periodic with the characteristic size of the graphene lattice along the sliding direction, namely b. Clearly, the edge termination determines the position of the pull-out (exit) force. As an example, in Figure 5b , the exit force manifests at y ≈ 1.3 nm: when the edges of the sliding and the stationary sheet coincide, each sheet experiences an exit force equal to F exit LJ,y . Therefore, in the nano-spring concept discussed in this article, the graphene edges introduce the energy barriers required for storing energy in the form of vdW potential, namely for keeping the sheets under metastable equilibrium conditions. The metastable equilibrium positions, which show an average interaction potential equal to E s ≈ 430 kJ/mol, are achieved after that the energy barrier E b + E s = 550 kJ/mol is overcome. These potential energy values are one order of magnitude larger than the ones observed for the sliding motion of chains of carbon atoms, because of the increased number of interacting atoms. To increase the generality of such evidence, a sensitivity analysis has been carried out to assess the effect of both sliding sheet size (N a ) and interlayer spacing (∆Z) on the energy barrier (E b , Figure 6a ), storable energy (E s , Figure 6b ), and exit force (F exit LJ,y , Figure 6c ) of two graphene sheets sliding along the y direction. Results show that E b , E s , and F exit LJ,y tend to increase with lower ∆Z following a power law, because of the enhanced vdW interactions at shorter distances (see Equations (1) and (2)). Furthermore, as reported in the insets for a fixed ∆Z = 0.28 nm (although similar trends can be found with different ∆Z), E b , E s , and F exit LJ,y linearly increase with N a . Such behavior is coherent with the superimposition of vdW interactions between the atoms of the sliding and stationary sheets. Note that the slight deviations from this linear trend may be due to the different shape of the sliding sheets (h x , h y ). Figure 6d sketches a conceptual scheme of two sliding graphene sheets at fixed ∆Z that are employed as a nano-spring. The purpose is to convert kinetic into potential energy, store it, and then release it after the application of an external trigger. In detail, in the case of unstable configurations (i.e., ∆Z < 0.34 nm), the sliding sheet moves from stable (separated sheets) to metastable (overlapped sheets) equilibrium positions after an external energy input (E s + E b ). After that, the sliding sheet is entrapped in the metastable equilibrium positions and, thus, energy is stored in the form of vdW potential energy (E s ) for an indefinite amount of time. The application of an additional amount of external energy (E b ), which is lower than the stored energy, triggers the pull-out phase of the sliding sheet and thus releases back the accumulated energy. Clearly, similar nano-spring cycles could be also envisioned for stable configurations of graphene sheets (i.e., ∆Z ≈ 0.34 nm), even though the reduced vdW interactions would imply a lower storable energy. A configuration where graphene sheets present an interlayer distance lower than the stable equilibrium distance could be achieved by applying a fixed compression force normal to the stacked sheets. For example, experiments aiming to investigate the sliding motion between graphene sheets under metastable conditions as depicted in Figure 6d could be organized in the following steps: (1) generation of double layers of graphene (or graphene oxide), for instance by Langmuir-Blodgett assembly [41] ; (2) compression of the double layers of graphene by means of a nano-indenter [42] ; and (3) measurement of the forces occurring during the sliding dynamics by means of a nano-manipulator [26] . Note that characterization techniques such as atomic force microscopy (AFM) or in situ Raman mapping [43] , as well as atomistic simulations [44, 45] , could support the experimental implementation and analysis of this system. Finally, the nano-spring concept outlined in this article could also be implemented and validated by experiments with systems made of multi-walled carbon nanotubes under telescopic motion [26] .
Conclusions
A mechanistic understanding of the exfoliation and tribology of carbon nanotubes and graphene sheets is required for the precise fabrication of nanoelectromechanical systems. In particular, the performance of such devices can be enhanced by achieving a proper knowledge of the interlayer sliding dynamics between graphene sheets or nanotubes.
In this work, the interatomic interactions between two parallel, rigid graphene sheets were analytically investigated. While prior works were mainly focused on analyzing the behavior of graphene sheets with stable interlayer spacing, we studied a simple model of two graphene sheets sliding over each other under unstable conditions as well. Such far-from-equilibrium interlayer distances may be exploited to realize molecular nano-springs, namely nanostructures that allow us to accumulate, store and then release kinetic energy, thanks to the variation in potential energy (vdW interactions). Our results highlight a precise pattern of relative positions between graphene sheets leading to metastable equilibrium conditions. Moreover, the amplitude of the effective potential and forces between the sheets is proportional to their size, while it is inversely proportional to the interlayer spacing. This regulates the amount of energy that could be potentially accumulated in a possible nano-spring application of pairs of graphene sheets or multi-walled carbon nanotubes.
Further investigations should be devoted to the effect of vibrational energy on the aforementioned results, for example by studying similar configurations through molecular dynamics simulations. In perspective, this analysis could be extended to multi-walled carbon nanotubes, in order to provide a more generalized view of the design of nano-springs for engineering or biomedical applications. LJ_P= z e r o s ( l e n g t h ( s t e p ) , l e n g t h ( SP ) ) ;
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